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Negative Running of the Spectral Index, Hemispherical Asymmetry and the Consistency of Planck
with Large r
John McDonald∗
Dept. of Physics, University of Lancaster, Lancaster LA1 4YB, UK
Planck favours a negative running of the spectral index, with the likelihood being dominated by low multipoles
l <∼ 50 and no preference for running at higher l. A negative spectral index is also necessary for the 2-σ Planck
upper bound on the tensor-to-scalar ratio r to be consistent with values significantly larger than 0.1. Planck
has also observed a hemispherical asymmetry of the CMB power spectrum, again mostly at low multipoles.
Here we consider whether the physics responsible for the hemispherical asymmetry could also account for
the negative running of the spectral index and the consistency of Planck with a large value of r. A negative
running of the spectral index can be generated if the hemispherical asymmetry is due to a scale- and space-
dependent modulation which suppresses the CMB power spectrum at low multipoles. We show that the observed
hemispherical asymmetry at low l can be generated while satisfying constraints on the asymmetry at higher l
and generating a negative spectral index of the right magnitude to account for the Planck observation and to
allow Planck to be consistent with a large value of r.
PACS numbers:
I. INTRODUCTION
Planck has observed both a hemispherical asymmetry of the
CMB power spectrum [1] and a preference for a negative run-
ning of the spectral index [2]. Both features are difficult to
achieve in conventional inflation models, which typically pre-
dict statistical isotropy and a negligibly small value for the
running of the spectral index.
The negative running of the spectral index observed by
Planck1 is given by n′s = dns/d ln(k) = −0.013± 0.009 for
the case without tensor modes and n′s = −0.021± 0.011 in
the presence of tensor modes2 [2]. The running of the spec-
tral index obtained in [2] is based on a maximum likelihood
fit which assumes a scale-independent value for the running.
However, it was also found that the likelihood of the neg-
ative value of the running is dominated by low multipoles,
l <∼ 50, with no preference for a negative running at higher l
[2]. This suggests that the negative running of the spectral
index is scale-dependent and largest at low multipoles.
The hemispherical asymmetry [4–6] is also dominated by
low multipoles. The asymmetry can be parameterized by a
temperature dipole [7]
δT
T
(nˆ) =
(δT
T
)
o
(nˆ) [1+A nˆ.pˆ] , (1)
where
(
δT
T
)
o
(nˆ) is a statistically isotropic temperature fluc-
tuation, A is the magnitude of the asymmetry and pˆ is its
direction. The asymmetry is observed by Planck to be A =
0.073± 0.010 for multipoles l = 2− 64 [1], in agreement
with earlier WMAP results [5]. At larger l there is no evi-
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1 WMAP 9-year observations also find a negative running of the spectral
index [3].
2 We will quote Planck + WP values for reference; other values are similar.
dence of an asymmetry [8, 9], with A < 0.0045 (95 % c.l.) at
l = 601− 2048 [9].
The domination of both the hemispherical asymmetry and
the negative running of the spectral index by low multipoles
suggests that the same new physics could be responsible for
both. This would also explain why a significant negative run-
ning of the spectral index is observed when most inflation
models predict a negligible running.
BICEP2 reported the observation of gravity waves from in-
flation via CMB B-mode polarization at multipoles l <∼ 150,
with tensor-to-scalar ratio r = 0.16+0.06−0.05 [11, 12]. However,
it has since become clear that the dust signal was underesti-
mated in the original analysis [11, 14]. A future joint analysis
of BICEP2 and Planck data will be necessary in order to es-
tablish whether a large tensor-to-scalar ratio exists [14]. If
confirmed, a value of r significantly larger than 0.1 would be
in tension with the 95 % c.l. upper limit from Planck based on
the CMB temperature spectrum, r0.002 < 0.11 [2]. However,
this upper bound becomes weaker in the presence of a nega-
tive running of the spectral index, in which case r0.002 < 0.26
[2]. The consistency of Planck and the original BICEP2 result
has also been addressed in [13, 15–18], while the existence
of the tension between them has been critically examined in
[19] and [20]. A possible link between the tension and the
hemispherical asymmetry, via a spatially-varying r, has been
explored in [21].
Here we wish to show that a modification of the CMB
power spectrum which can account for the hemispherical
asymmetry can also generate a negative running of the spectral
index of the right magnitude to account for the value observed
by Planck. This would also allow for consistency between
the Planck upper bound on r and an observed value which is
significantly larger than 0.1.
2II. A MODULATION MODEL FOR THE
HEMISPHERICAL ASYMMETRY AND NEGATIVE
RUNNING OF THE SPECTRAL INDEX
In [22] we introduced a power spectrum model for the
hemispherical asymmetry based on the addition of a space-
and scale-dependent component Pasy to the adiabatic power
spectrum Pζ,
Pζ = Pin f +Pasy , (2)
where Pin f is the conventional inflaton power spectrum and
Pasy is responsible for the power asymmetry. Pasy is assumed
to consist of a mean value and a spatially-varying dipole term.
On the surface of last scattering Pasy is given by,
Pasy = ˆPasy +∆Pasy nˆ.pˆ . (3)
In [22] Pasy was assumed to be due to a new contribution to
the adiabatic perturbation which is uncorrelated with the infla-
ton perturbation. In this case Pasy is strictly positive in sign.
This leads to a positive running of the spectral index. To have
a negative running, we need ˆPasy to be negative and so to par-
tially cancel the power from the inflaton perturbations. This
is possible if the inflaton power spectrum has a space- and
scale-dependent modulation which suppresses its magnitude.
For example, if
Pζ =
Pin f
(1+ fasy(nˆ)) , (4)
where
fasy(nˆ) = ˆfasy +∆ fasy nˆ.pˆ , (5)
then for fasy(nˆ)≪ 1,
Pζ ≈ Pin f − fasy(nˆ)Pin f . (6)
In this case Pζ has the form of Eq. (2), with ˆPasy = − ˆfasyPin f
and ∆Pasy =−∆ fasyPin f .
A. The Hemispherical Asymmetry
The observed asymmetry on large angles, which we de-
note by Alarge, comes from averaging over multipoles l = 2 to
64. We will assume that ˆPasy and ∆Pasy have the same scale-
dependence, corresponding to a power law dependence on k
with spectral index nσ,
ˆPasy = ˆPasy 0
(
k
k0
)nσ−1
; ∆ ˆPasy = ∆ ˆPasy 0
(
k
k0
)nσ−1
. (7)
k is approximately related to l by k = l/xls, where xls = 14100
Mpc is the comoving distance to the last-scattering surface.
k0 is the pivot scale, which we define to be 0.05 Mpc−1. This
corresponds to l0 ≈ 700. The asymmetry A from modes in the
range lmin to lmax is given by [22]
A≈
|ξ|0(∆Pasy/ ˆPasy)0
2
×
lmax∑
l=lmin
(2l+ 1)
l (l+ 1)
(
l
l0
)nσ−1
lmax∑
l=lmin
(2l+ 1)
l (l + 1)
, (8)
where ξ = ˆPasy/Pin f is negative. This assumes that l(l + 1)Cl
for the inflaton perturbation is approximately constant over
the range of l [22]. The large-angle asymmetry, Alarge, is then
given by Eq. (8) with lmin = 2 and lmax = 64. On smaller an-
gular scales, the asymmetry must be suppressed [9, 10]; for
l = 601−2048 it must satisfy A < 0.0045 (95 % c.l.) [9]. For
large l we can replace the sums in Eq. (8) by integrals over l,
therefore
A≈
|ξ|0(∆Pasy/ ˆPasy)0
2
×
((
lmax
lmin
)nσ−1
− 1
)
(nσ− 1) ln
(
lmax
lmin
)
(
lmin
l0
)nσ−1
,
(9)
The small-angle asymmetry, Asmall , is then given by Eq. (9)
with lmin = 601 and lmax = 2048.
B. Negative Running and Asymmetries of the Spectral Index
The model predicts shifts of the spectral index and the
running of the spectral index from their inflation model val-
ues, due to the scale-dependence of ˆPasy. The spectral in-
dex and its running are given by ns = ns in f +∆ns and n′s =
n′s in f +∆n′s, where, to leading order in ξ and neglecting the
scale-dependence of ns in f [22],
∆ns ≈ ξ(nσ− 1) (10)
and
∆n′s ≈ ξ(nσ− 1)2 . (11)
ξ is negative, therefore the shift of the running of the spectral
index is negative and the shift of the spectral index is positive
if nσ < 1.
The model also predicts the existence of hemispherical
asymmetries of ns and n′s [22]. The spectral index and its
running from averaging the CMB over a hemisphere in the
direction pˆ are given by ns± = ns± δns and n′s± = n′s± δn′s,
where + (−) denotes the hemisphere θ ∈ 0 to pi/2 (pi/2 to pi)
and nˆ.pˆ = cosθ. δns and δn′s are given by [22]
δns ≈
ξ(∆Pasy/ ˆPasy)
2 (nσ− 1) . (12)
and
δn′s ≈
ξ(∆Pasy/ ˆPasy)
2
(nσ− 1)2 . (13)
3nσ ξ ∆n′s ∆ns (∆Pasy/ ˆPasy) δns δn′s
0.44 −0.032 −0.010 0.018 2.28 0.020 -0.011
0.44 −0.064 −0.020 0.036 1.14 0.020 -0.011
0.44 −0.096 −0.030 0.054 0.76 0.020 -0.011
0.0 −0.010 −0.010 0.010 3.30 0.016 -0.016
0.0 −0.020 −0.020 0.020 1.65 0.016 -0.016
0.0 −0.030 −0.030 0.030 1.10 0.016 -0.016
−0.5 −0.0044 −0.010 0.0067 2.72 0.009 -0.014
−0.5 −0.0088 −0.020 0.013 1.36 0.009 -0.014
−0.5 −0.013 −0.030 0.020 0.92 0.009 -0.014
TABLE I: ∆ns, ∆n′s and ∆Pasy/ ˆPasy as a function of nσ and ξ when Alarge = 0.073. The corresponding hemispherical asymmetries of the spectral index and its
running are also shown.
nσ ns ∆ns(0.05 Mpc−1) ∆n′s(0.05 Mpc−1)
0.44 1.000 5.9×10−3 −3.3×10−3
0.0 0.984 8.0×10−4 −8.0×10−4
−0.5 0.977 1.0×10−4 −1.6×10−4
TABLE II: Predictions for the spectral index ns at k = 0.002 Mpc−1 as a function of nσ when n′s =−0.020 for the φ2 chaotic inflation model. The shifts of the
spectral index and its running at k = 0.05 Mpc−1 are also shown.
FIG. 1: |ξ|(∆Pasy/ ˆPasy) versus nσ for Alarge = 0.063, 0.073 and
0.083 (solid lines). Upper bounds on nσ from the requirement that
Asmall < 0.0045 and 0.0010 are also shown (dashed lines). All values
are at k = 0.002 Mpc−1.
III. RESULTS AND CONCLUSIONS
The model has three input parameters, which can be taken
to be nσ, ξ and ∆Pasy/ ˆPasy. These can determine five observ-
able quantities: A, ∆ns, ∆n′s, δns and δn′s. Therefore it is al-
ways possible to predict two observables by using three as
inputs. This will allow us to test the consistency of the power
spectrum model. A, δns and δn′s are in fact determined by
just two parameters, nσ and ξ(∆Pasy/ ˆPasy), therefore to fix all
FIG. 2: |ξ| versus nσ for ∆ns = −0.010, −0.020 and −0.030 when
Alarge = 0.073. All values are at k = 0.002 Mpc−1.
three input parameters one of either ∆ns or ∆n′s is also neces-
sary. In the following all scale-dependent quantities are given
by their values at k = 0.002 Mpc−1 unless otherwise stated.
This is chosen to represent low multipoles (l = 28) where the
effects of Pasy are largest.
We first illustrate the parameter space for which the model
can account for the asymmetry and the negative running of
the spectral index. In Figure 1 we show |ξ|(∆Pasy/ ˆPasy) as a
function of nσ for a range of Alarge corresponding to the 1-σ
4FIG. 3: ∆Pasy/ ˆPasy versus nσ for Alarge = 0.073 and ∆ns =−0.010,
−0.020 and −0.030. All values are at k = 0.002 Mpc−1 .
limits3 . We also show the upper limit on nσ from the require-
ment that Asmall < 0.0045. For Alarge = 0.073 this requires
that nσ < 0.44. To show the effect of a tighter upper bound
on Asmall , we also show the upper limit on nσ for the case
Asmall < 0.0010. In Figure 2 we show |ξ| as a function of nσ
for a range of ∆n′s, corresponding to the Planck 1-σ limits in
the case with tensor modes. In Figure 3 we show the corre-
sponding values of ∆Pasy/ ˆPasy.
We next show, by explicit example, that it is possible to
choose values for the model parameters which account for the
observed hemispherical asymmetry, with the necessary sup-
pression at large multipoles, while generating a running of the
spectral index of the right magnitude to account for the Planck
observation and also to allow the Planck upper bound on r to
be consistent with a value significantly larger than 0.1. We
also illustrate how the model might be tested.
In Table 1 we give ∆ns, ∆n′s and ∆Pasy/ ˆPasy as a function
of nσ and ξ when Alarge = 0.073. The shifts ∆n′s in Table 1
are large enough (∆n′s ∼ −0.020) to bring the Planck upper
bound on r into agreement with a value significantly larger
than 0.1. We also give the corresponding asymmetries δns
and δn′s, which depend only on nσ when Alarge is fixed.
In order to predict the observed spectral index, ∆ns must be
added to values for ns in f and n′s in f from a specific inflation
model. As an example we will consider φ2 chaotic inflation.
For this model, at a given scale k, ns in f = 1− 2/N∗ = 0.964,
n′s in f = −2/N2∗ = −0.00066 and r = 8/N∗ = 0.15, where N∗
is the number of e-foldings at which the scale k exits the hori-
zon and we have assumed N∗ = 55 in our numerical values. In
Table 2 we give the total spectral index ns at k = 0.002 Mpc−1
for the φ2 model as a function of nσ when n′s = −0.020 and
Alarge = 0.073. The value of n′s (≡ ∆n′s in the φ2 inflation
model) is chosen to be of the order of magnitude required by
Planck for consistency with a value of r significantly larger
than 0.1. Therefore this model can account for the hemispher-
ical asymmetry, the negative running of the spectral index and
consistency with a large value of r. The value of nσ can be
fixed by observing the asymmetry of the spectral index δns,
since from Eq. (8) and Eq. (12) nσ can be fixed by Alarge and
δns. We also give the shift of the spectral index and its running
at the Planck pivot scale k0 = 0.05 Mpc−1. Since this corre-
sponds to a high multipole number, l0 ≈ 700, Pasy is strongly
suppressed and so the shifts are small. Therefore the spectral
index at the Planck pivot scale is essentially ns in f . For the φ2
model this is in good agreement with the 1-σ Planck observa-
tion, ns = 0.9607± 0.007 [2].
In conclusion, a modulation of the adiabatic power spec-
trum from inflation which suppresses the power at low mul-
tipoles can account both for the hemispherical asymmetry of
the CMB power spectrum and for a negative running of the
spectral index of the magnitude observed by Planck. The lat-
ter can also allow the Planck upper bound on r to be consistent
values significantly larger than 0.1, as originally reported by
BICEP2. The model is predictive and in principle testable.
Our analysis is based on a modulated power spectrum for
the adiabatic perturbation. The next step will be to find a re-
alization of such a power spectrum in an explicit field-based
model. A strong constraint on such models is the observed
isotropy of the CMB mean temperature. This implies that the
spatial modulation of the inflaton power spectrum must be due
to modulation of the fluctuations of the energy density, leav-
ing the mean energy density unaffected. This can be achieved
by a space-dependent sound speed for the inflaton due, for ex-
ample, to a spatially-varying Dirac-Born-Infeld kinetic term
[23].
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